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SIGNIFICANME AND IXPLANaTION

One measures the approximation power of a family 8 of piecewise

polynomial approximating functions on some partition in terms of the

meshaize h of that partition. Typically, the error of approximation goes to

zero like hr as the mesheize goes to zero, with r depending on the

smoothness of the function being approximated. There is a maximal r typical

for the space S used, and faster convergence rates are possible only for

very special functions. Naturally, one would like this optimal rate or

approximation order hr to be as fast as possible, i.e., would like the

maximal r to be as large as possible. In any case, it is an important

practical question to ascertain, for a given approximating space 8, what its

optimal approximation order is.

In a multivariate context, this is not an easy question to answer, even

for pp spaces on very simple partitions, as soon as one demands that the

approximating functions have a certain amount of smoothness. The report shows

that a certain line of attack which was thought to be quite reasonable by

several workers in the field (including the authors) cannot succeed, in

general. This makes the problem even harder than it was initially thought to

be.

The responsibility for the wording and view expresed in this dewriptive
suary lies with R, and not with the authors of this rePOrt.



Approximation order from bivariate C1 -cubios A counterexample

C. do Dow and . 1alli tq

1- Zaxeftim. We deal with a soale (Sh ) of approximating spaces, generated from a

fixed space a by a simple oalingo

with

(Ohf)(x) I- f(x/h) , all i, x, h

We are interested in the qgmezimantm emvsr obtainable from (5h )  1 .e. in

dist(f, !hS

as a funotion of h and for f sufficiently smooth. Here,

4 dist(f, Uh ) s- inf If - gE

and 1*I1 i the sup norm n some closed domain 07 2

If $- OuP3I00l f(x)•

It is easy to see that

dist(f,1 1) - O(of(h)) , all f a C(Q)

in case 8 contains a local and stable partition of unity. By this we mean that

I- on 32

for s@,e a 5 with

MupI di en upp ( *

and

$upL *i .

The last condition in automatically satisited in case the are all nonnegative.

We are interested in suitable conditions on 8 which insure that

dist(f, Sh _ O(hk) for all sufficiently smooth f • (1)

It is emy to see that (1) implies

This material is based upon work supported by the National Scienee Foundation under

Grant No. 14CS-7927062, Hod. 1.

iponsored by the United States Army under Contract No. DAG29-80-t-0041.
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with

Vk s-polynomials of degree < ki

On the other hand, this condition is clearly not suff icient for (1) since, e.g., 8 -

implies that 8h - Pkfor aIL h , hence dist( f. Sh) is independent of h in this case.

What sem to be needed is that Pkbe contained in 0 alccaily, much as V, is on

tained locally in 8 in case 8 contains a local partition of unity.

Here is a precise formulation of such a condition.

* Coatiom 'P For every p a 3rk there exists; a Immanence' 8*)j so that

P #i* an supLdiem suwp 4, <

at least in case a is muniforam, e.g., 8 is a space of piecewise polynomial

functions on some uniform partition of I? one would expect to conclude from this the

validity of (1), i.e., global approximation order O(hk) (see, e.g., END), [DI).

It is the purpose of this note to give an example of a piecewise polynomial space S

on a uniform partition of JFwhich satisf is Condition V4~ yet gives

dist(f. Sh) ), oastf h3  (2)

for some positive constf and for the particular function

fix"p (x0mx(2)92

2bis dashes all hopes that the approximation order from a piecewise polynomial scale

(S)could be settled by finding out which polynomials are contained locally in

9 . Presumably, some stability has to be added to condition rkbefore global approximation

order O(bk) an be deduced.

* Sare is an liasm of this note. in section 2, we show that cur examle space U

satisfies Condition P.~ and that (Sb1 has approximation order 0(W3 ) at least. in Section

3. we identify a within a larger space of piecewise cubic functions as the annihilator of

a at A of local linear funotionals. we also show that there exists a bounded aS a A 0

so that t (&M Xf- 0 for all f with comact support, while Zsqqp~ 0 a(I)h -0

-2-



only if the sun is, in effect, over all or over none of A * This Is important for the

final section# in which we prove that ( ha approximation order at most O(h3 )

2. moth pqfamtiome and w slines. We consider bivariate pp 0,- pLeoete poly-

no1a*l) functions an the partition A of P obtand from the throe families of meb-

lines

x(1) - n , x(2) - n , x(1) - x(2) + n , all n 4

We are particularly Interested in the space

* '," ,A -- ,, n C1(3

of p cewise cubic functions on the partition A and in C1

iwe have foregone the opportunity to make the symetriee in A more apparent by bavAng

the three families of meoshlines intersect each other at an angle of 120 ° (as is domep e.g.,

in (Fr]). This needlessly complicates the notation. It ine sufficient to note that OW

permutation of the meshline families can be accomplished by some linear mep on I? , a"

4 the corresponding change of variables leaves Pr invariant.

A stable and local partition of unity in 8 is constructed in (MU, full as follomw.

Consider the linear map PsR S 
-, R2 characterized by the fact that

PeI  ,, 02  1-J.2,5 0

tol1+ 2  i i,,3 ,,

with ei the ith unit vector (in R5). Let K be the P-shaow of

3 1- (0,1]S ,

i.e., 5 is the distribution given by the rule

X# t= J op , all #
B

Since K l the shadow of a box, we call it a bx spline. It Is Imediate from the defin-

ition that N ) 0 , supp - P() , and

Z N(.-j) - 1 , with Jr t-

the last because

E j - top - f2 O3

Wx 1] 3'

-3-



purther, one verifies that i 6 8

Zn addition, (M,1] provides an z1-bounded linear functional I with support in

supp N so that

E - p(*+J) x(-oJ) , for all p 6 P (1)
jej

and shme how this result leads, in standard quasi-interpolant fashion, to the conclusion

that

dist(f, 8 h 0(h3) (2)

for all sufficiently smooth f . On the other hand, [3M 1] makes clear that (1) is sharp,

i.e., that

*4 %

with
,= :- span(N("J)}J •

Therefore, (2) provides the optimal approximation order from

inoe N Is a proper subepace of a , this only provides a lover bound on the

appraximation order from (Sh) . Further, 8 satisfies Condition P4 . To see this, recall

from in that N contains certain cubic polynomials, e.g., the two polynomials

xp--. x(2) 2 (3x(l) - x(2)) and x -- x(1) 2 (3x(2) - x()) • (3)

in addition, the linear change of variables which interchanges a, and 61+e2 , hence

carries 02 to -02 , leaves A invariant, hence leaves 8 invariant. Therefore, 8

oontains the ocwIo polynomials which result from such a change of variables from those in

(3). Up to parabolic terms, these are the polynomials

x&--.% (x(1)-x(2)) 2 (2x(1) + x(2)) and xa-4 x(1) 2 (2x(,) - 3x(2)), (4)

and the four polynomials (3), (4) are linearly independent since the matrix

0 0 3-113 00
2-3 0 1
2-3 0 01

of their leading coefficients is invertible.

-4-
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S. UnmsteSm coinaaes. in this auxiliary section# we Identify 5 p as a4'A

subepace of VOsatisfying certain homogeneous conditions. We find It most convenient to

epres these conditions in terms of the Bernstein coordinates for pp functions on a

triangulation, as Introduced by Pavin (Flo following earlier work by 6@ Casteljan (C) A

labin (S . Mere to a short e=planation of this very useful representation.

on a single triangle T with vertices U, V. and V , we use barycentric coordinates.

This means that each point x is associated with the triple Cu,v,w) for which

x - uU+WV+wW and u~v~w-i

In these terms, we describe a polynomial p of degree 4 n by

p- Z b ijk iLjk

with 
jk-

*ijk IX) I

We deal with the 31I choice@ in this representation by associating bik With the Point

irn ' (i +JV + kW)/n

for all i + 3 + k - n . The resulting function

be x13k 1-4- huh
is called the U~rnatein or -4sier)-net for p (with respect to T ). It in independent of

how we associate the vertices of T with the letters U, V, V .Moreover, if A is an

aff ins change of variables, then the 3-net for pcft (with respect to A-I ( ) is heft

This makes it easy to ompare polynomial pieces across triangle edges.* For emole, on

an edge of T , p is entirely determined by h restricted to that edge. Noreoaver, if

p' is a polynomial of degree 4 n on a triangle T' having that edge in ccmen with T

then p - p' on that edge if! b - b' on that edge, with bl the a-net for pl

Higher smoothness across such an edge is also very simply expressible in terms of b

and h' (see C7l)). We now describe these conditions only to the extent that we need them,

i.e., we describe the conditions which an f a 0 ust satisfy to belong to a -I
pi, A O, a

Since such an f is continuous, the 3-nets of its various pieces mst agree at all points

of overlap in their domains. *we can therefore think of the 3-nets of its various pieces A

forming one 3-net, a function bf defined an all of

-5-
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J3 3- (2/3)2 , (1)

Let T , T be two triangles of A with a comOn edge a • There are four point, of J3

on , uach of the three pairs x1, x2  of such neighboring point. has a nearest J3-

neighbor y in T and a nearest J3-neighbor yo in T' and together theme four points

form the vertices of a parallelogram halved by € • One nay verify directly that f h

continuou, first derivatives across 6 if and only if

bf(x ) + bf(x2 ) - bf(y) + bf(y')

for each of these three maralleloarms.

Thus, associated with each edge 9 in A there are three linear functional

0
A on j4,A , of the form

Af s bf(X1 ) + bf(x2 ) - bf(y) - bf (y')

with x1, x2  neighboring J 3-points on 9 and y , y' adjacent J 3 -poLnts in the

neighboring triangle@. Note that we have so normlied A that the edge point. receive

weight I and the off-edge point. receive weight -1

Since A contains three distinct edge types, this gives altogether nine

nonoverlapping classes Aj , Lj-1,2,3, of linear functional*. To be precise, we

associate A j with segeent I of edge j , and, in particular, A2J with the maddle

segeent. We need not be mrs precise than that.

7 .. A33
" . ... .. . ..

:f 3 13. ., 3

: . A 2 .* . A . .

" . " : .1
* . .. ..
• . ./ . . ..

Figure I. The nine classes of local Linear fuaetienals

4-
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Bach clams A i s left invariant wnder translation of the independent variable by

som J . Their union

A A11 A33

characterizs 8 within 0~, in the sense that

8 - ker A i- n kerA

Next, we seek a 6 A\ 0 so that ASA

Z: a(A) A -0

f By this we mean that

Z: a(A) Af -0

for every f of compact support. For such an f ,the ms has only finitely many nonsero

terms since each A has support only in som pair of adjacent triangles of A

There may be many solutions, but, when we require additionally that a be constant on

each A L then the solution set can be shown to be four-dimensional.* There is a two-
dimensional met of solutions which vanish on A 2j l hs ouin r fn

interest to us since for then we have alreadyal i.Thssouosarofn

Z: a(A) A -0 (2)
8uppACG

for various bounded *ets G

solutions a for which (2) only holds if the sum is, in ef fect, over all or over none

of A are obtained as follows.

lasi. Let a 6 3A be such-that a1 JA =j A~i~j) ,with

A - 120 25 2Y

and a + 0+ Y- 0. Then E a() A - o

Proof. By its definition,, each A carries an f to a weighted sum of values of bf

We can, therefore, understand Za(X)A by computing the weight it assigns to bfCx) for

each x 6 J73 .There are three types of points x in 3 those at a vertex of

-7-



those inside an edge, and those inside a triangle. We consider each type in turn.

K vertex of A serves as an edge point for six As , one from each of the classes

A vj ith 1 10 2 . Thus, the total weight at a vertex point is

E i0i2 "~,) - -2C0+0+Y) - 0.

As to inside edge points, consider without lose of generality one on an edge of type

1.sucbapoint serves asan edge point for one X eA 21 and one A eA 11UA 31,and as

an off-edge point for one A6A 12tA 32and one XaA 13uA 33 its total weight is

therefore

A(2,I) + A(1,I) -A0l,2) - A0l,3) -

2M + (--*) -C) - (-Y) - a+ 0+ - 0.

Finally, an interior point is an off-edge point for three I's ,one each from A 2j

J-1,2,3. Its weight is therefore

_2e -20- 2Y - 0 .1

We extend each A to the continuous linear functional XI on COL2) with the aid of

the local linear map I which associates f with the unique eLement if of 0~ which

agrees with f on J3 . It is then a simple matter to check that, for every f 6 PS , the

map A ,-- Alf is constant on each Aui (since each A vanishes on 14 and ,for any j

f and f(*+J) differ only by some cubic polynomial). Zn particular, for

f(x) 3-(x(1)x(2))
2

we have (using the association of edge types indicated in Figure 1) that

Therefore,
3

K ja Z aCA ij) (f)(A 3j IS1(* + B) - 36Y

The number K is nonsero for many choices of a,0, Y for which a++4Y 0 Make

such a choice. Then, for a square Q with sides parallel to the axes,

E a(A) Alf - Kearea(Q) + O(perimeter(Q)) (3)
sUPVAEQ

while z UA! a(A) AZ has support only on triangles near the boundary of Qhence



(4)
I Z a() XI I = O(perimeter(Q))
suppACQ

This is the essential fact required in the next and final section.

4. An upper bound for the approxismatioa order. In this section, we establish the main

point of this note. With S I as defined earlier, we show that, for all small

enough h

dist(f, Sh) ; const h
3

for some positive conat and for the particular function

faxi- (x(1)x(2))
2

For the proof, we pick some axis-oriented square Q in G and consider

h : E a(A) I 0
h upp)LJSh 1/h

with

Qh x/h x e Q}

Since Sh E. ker P h * we have

dist(f, SO )  dintQ (f, Sh dist Q(f, ker yh) hfl/lhC(Q)

Further,

a1/hf h f

while area(Qh) - area(Q)/h 2 and perimeter(Qh) - perimeter(Q)/h . Therefore, from (3.3),

Ihfl = const h
2 + O(h3

with conqt :- JKJ area(Q) > 0 , while, from (3.4),

|hIC(Q) = 0(1/h)

This shows that

dist(f, Sh ) ) conet h3 + 0(h4 )

for some positive const , as asserted.

-9-



[SD1 C. ds Door and R. DeVore. Approximation by smooth multivariate spline. M TSR
*2319, 1981.

(Bull C. ds Boor and K. 551lig, B-splines from parallelepipeds, IMC TOR #2320, 1982.

(3121 C. do Boor and K. H6111g, Bivariate box splines and smooth pp functions on regular
meshes* me.

[C] di Casteljau, Courbes at Surfaces a Poles. "Unveloppe 40.040. institut National do
Is Propriete Zndustrielle, Paris, 1959.

(D) W. Dabman, Approximation by linear combinations of multivariate B-splines,
J.Approxiuation Theory 31 (1981) 299-324.

i( 1 ] G. Farin, Subsolines Ober Dreiecken, Dissertation. Braunschweig, 1979.

(F21 G. lrin, Dsier polynomials over triangles and the construction of pieevise CF
polynomials, sulbmitted to Hath.Comp. , 1980.

[F] P. 0. Prederickson, Quasi-interpolation, extrapolation, and approximation on the
plane, in Proc.Nanitoba Conference on Numeical Mathematics# Winnipeg, 1971, 159-176.

CdS/I-/jv-

-10-

...............................R* ~ *.



SECURITY CLASSIFICATION OF THIS PAGE (Shen Dee MalOOE

REPORT DOCUMENTATION PAGE RMDu MLMUCUMBFMCOWILI9"=8N YO~M

1. REPORT NUMBER 1. GOVT ACCE[SION NO. I. RECIPIINrS CATALOG NUMEER

#2389 D- R11,9406
4. TITLE (and Subdtle) S. TYPE OF REPORT & PERIOD COVERED

Approximation Order from Bivariate C -Cubics: Summary Report - no specific
A Counterexample reporting period

6. PERFORMING ORG. REPORT NUMNeR

7. AUTHOR('e) S. CONTRACT OR GRANT NUMMSUe)

C. d. Boor and K. H81lig DAAGZ-80-C-0041

6. PERPORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM E E[ME T., PROJECT. TASKAREA A WORK UNIT NUMBE[RS

Mathematics Research Center, University of Work Unit Number 3 -
610 Walnut Street Wisconsin Numerical Analysis and
Madison, Wisconsin 53706 Computer Science
11. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE

June 1982
see Item 18 below 12. NUMMER OF PAGES

10
14. MONITORING AGENCY NAME C AODRESS(UI dtlonmt AVm CoMll1lud 01f00) IS. SECURITY CLASS. (of tIi nPt)

UNCLASSIFIED
IN& DC INASIFICATION DOWNGRADING

16. DISTRIBUTION STATEMENT (of tie Rhp pr)

Approved for public release; distribution unlimited.

17. OISTRIBUTION STATEMENT (of o abetral elterd In bloek 20, Ii dflf.mrln hu Rewpot)

IN. SUPPLEMENTARY NOTES
U. S. Army Research Office National Science Foundation
P. 0. Box 12211 Washington, DC 20550
Research Triangle Park
North Carolina 27709

IS. KEY WORDS (Continue n revern olde It neesary and identify by book number)

B-splines, multivariate, spline functions, degree of approximation, pp,
smooth

20. ABSTRACT (Continue on rovwon side If noooear and Idmoliy' by block mmboe)

It is shown that the space of bivariate C1  piecewise cubic functions on
a hexagonal mesh of size h approximates to certain smooth functions only to
within O(h3 ) even though it contains a local partition of every cubic
polynomial.

DD F 1473 EDITION OF I NOV .1 OUSOLETE UNCLASSIFIED
SECURITY CLMIICATION OF THIS PAGE (When Date Mote..Q




